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Abstract
Star complements are used to construct switching-equivalent graphs which share an eigen-
value of the same multiplicity. A variant of the construction is used to obtain a characterization
of the McLaughlin graph.
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1. Introduction
Let G be a simple graph with vertex-set V (G) = {1, 2, . . . , n}. Let S be a subset
of V (G), and let S¯ = V (G)\S. The graph G∗ constructed from G by interchanging
non-edges and edges between S and S¯ is said to be obtained from G by switching with
respect to S; moreover, the graphs G and G∗ are said to be switching-equivalent. If
G has (0, 1)-adajcency matrix A, then the Seidel matrix of G is J − 2A− I , where J
is the all-1 matrix and I the identity matrix of size n× n. For other notation, see [3].
The Seidel matrices of G and G∗ are similar by a diagonal matrix whose (i, i)-
entry is −1 if i ∈ S, 1 if i ∈ S¯. Thus G and G∗ have the same Seidel spectrum;
but only in special circumstances do the adjacency matrices of G and G∗ have the
same spectrum, for instance when G and G∗ are regular of the same degree. (For an
example, we may let G = L(K8) and take G∗ to be any Chang graph [3, Example
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1.1.2].) In what follows, eigenvalues of a graph are taken to mean eigenvalues of an
adjacency matrix.
In general, the multiplicity of an eigenvalue µ of G differs by up to 2 from its
multiplicity as an eigenvalue of G∗; see [3, p. 102]. (The upper bound of 2 is at-
tained when, for example, µ = 0, G = C4 and G∗ = K4.) Here we find sufficient
conditions for a single eigenvalue µ to have the same multiplicity in both G and G∗.
The conditions are in terms of star complements (defined below), and we use them in
Section 2 to construct some exceptional graphs, among others. In Section 3 we use
a variant of the construction to obtain a characterization of the McLaughlin graph
[10].
Suppose that µ has multiplicity k as an eigenvalue of G. A star set for µ in G
is a subset X of V (G) such that |X| = k and µ is not an eigenvalue of G−X. The
induced subgraph G−X is called a star complement for µ in G (or, in [7], a µ-basic
subgraph of G). Star sets and star complements always exist: for this and related re-
sults quoted below, see [3, Chapter 7]. In particular, if H = G−X and µ ∈ {−1, 0},
then distinct vertices in X have distinct H-neighbourhoods [3, Theorem 7.3.5], and
so there are only finitely many graphs with a prescribed star complement for an
eigenvalue other than −1 or 0. The following is a formulation of the so-called Re-
construction Theorem [3, Theorem 7.4.1] and its converse [3, Theorem 7.4.4].
Theorem 1.1. Let X be a set of k vertices in the graph G and suppose that G has
adjacency matrix(
AX B
T
B C
)
,
where AX is the adjacency matrix of the subgraph induced by X. Then X is a star set
for µ in G if and only if µ is not an eigenvalue of C and
µI − AX = BT(µI − C)−1B. (1)
In this situation, the eigenspace of µ consists of the vectors(
x
(µI − C)−1Bx
)
(x ∈ Rk).
It follows that if X is a star set forµ in G, and ifH = G−X, then G is determined
by µ, H and the H-neighbourhoods of the vertices in X. We extend the notation of
Theorem 1.1 by defining
〈u, v〉 = uT(µI − C)−1v (u, v ∈ Rn−k),
and we denote the columns of B by bu (u ∈ X). For computational purposes, note
that if the minimal polynomial of C is
m(x) = xd+1 + cdxd + cd−1xd−1 + · · · + c1x + c0,
then
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m(µ)(µI − C)−1 = Cd + ad−1Cd−1 + · · · + a1C + a0I,
where (for 1  i  d)
ad−i = µi + cdµi−1 + cd−1µi−2 + · · · + cd−i+1.
The next observation follows by equating entries in the matrix equation (1).
Corollary 1.2. Suppose that µ is not an eigenvalue of the graph H. There exists
a graph G with a star set X for µ such that G−X = H if and only if the vectors
bu (u ∈ X) satisfy
(i) 〈bu, bu〉 = µ for all u ∈ X, and
(ii) 〈bu, bv〉 ∈ {−1, 0} for all pairs u, v of distinct vertices in X.
We shall also need the notion of a main eigenvalue of G: such an eigenvalue is one
for which there exists a corresponding eigenvector not orthogonal to the all-1 vector.
Note that if G is r-regular, then every eigenvalue of G other than r is non-main. Let
{e1, e2, . . . , ek} be the standard orthonormal basis of Rk , and let j be the all-1 vector
in Rn−k . In the notation of Theorem 1.1, X = {1, 2, . . . , k}, and if X is a star set for
µ in G, then the eigenspace of µ has as a basis the vectors,
(
eu
(µI − C)−1bu
)
(u ∈ X).
In this situation, it follows that µ is a non-main eigenvalue for G if and only if
〈j, bu〉 = −1 for all u ∈ X (cf. [4, Proposition 0.3]).
Finally, the cone over a graph G is the graph obtained from G by adding a vertex
adjacent to every vertex of G.
2. Some results and examples
Let X be a star set for µ in G, and let H be the star complement G−X. If u ∈ X,
we write H + u for the subgraph of G induced by V (H) ∪ {u}, and H (u) for the set
of vertices in H adjacent to u. We say that the vertex u of X is amenable to switching
if µ is an eigenvalue of the graph obtained from H + u by switching with respect
to {u} (that is, by replacing H (u) with its complement in V (H)). In general, if
X ⊃ {u}, then X may or may not remain a star set for µ in the graph obtained from G
by replacing H (u) with its complement. The following example illustrates both the
possibilities and the limitations of complementing H-neighbourhoods in this way.
Example 1. We consider the situation in which H = K1,57 and µ = 3. We take
V (H) = U ∪˙ V , where |U | = 1, |V | = 57 and the vertex in U is adjacent to every
vertex in V . We say that a vertex u is of type (a, b) if it is adjacent to precisely a
vertices in U and b vertices in V . It is straightforward to check directly that 3 is an
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eigenvalue of H + u if and only if u is of type (0, 12), (0, 36) or (1, 21). We see that
u is amenable to switching if and only if it is of type (0, 36) or (1, 21).
To see when a vertex u of type (a, b) and a vertex v ( /= u) of type (c, d) may be
added simultaneously to H, we may either argue directly or apply Corollary 1.2(ii)
as follows. We let ρuv = |H (u) ∩ H (v)|, and auv = 1 or 0 according as u is or is
not adjacent to v. Then we require (cf. [9, Section 2]):
144auv = −48ρuv + 3(ad + bc)+ 57ac + bd.
The solutions of this equation are shown in Table 1.
Now suppose that X is a star set for 3 in G, and that G−X = H . Consider the
effect of switching with respect to a non-empty set Y of vertices in X of type (0, 36)
or (1, 21), and let ρ′uv , a′uv denote the values of ρuv , auv after switching. Thus if
u, v ∈ Y , then a′uv = auv , while if u ∈ Y and v ∈ Y , then a′uv = 1 − auv . The pos-
sibilities are listed in Table 2, where an asterisk denotes a vertex in Y and (a′, b′),
(c′, d ′) are the types of u, v, respectively, after switching.
A comparison of Tables 1 and 2 shows that X is a star set for 3 in the graph G∗
obtained by switching with respect to Y if and only if Y consists of all the vertices in
X amenable to switching.
For a simple illustration with Y = X, let V1, . . . , V5 be pairwise disjoint 9-subsets
of V and let X = {u1, . . . , u5}, where the H-neighbourhood of ui is ⋃j /=i Vj . Then
Table 1
(a, b) (c, d) ρuv + 3auv
(0, 36) (0, 36) 27
(0, 36) (1, 21) 18
(0, 36) (0, 12) 9
(0, 12) (0, 12) 3
(1, 21) (0, 12) 6
(1, 21) (1, 21) 13
Table 2
(a, b) (c, d) (a′, b′) (c′, d ′) ρ′uv + 3a′uv
(0, 36)∗ (0, 36)∗ (1, 21) (1, 21) 13
(0, 36)∗ (0, 36) (1, 21) (0, 36) 12
(0, 36)∗ (1, 21)∗ (1, 21) (0, 36) 18
(0, 36)∗ (1, 21) (1, 21) (1, 21) 7
(0, 36)∗ (0, 12) (1, 21) (0, 12) 6
(1, 21)∗ (0, 36) (0, 36) (0, 36) 21
(1, 21)∗ (0, 12) (0, 36) (0, 12) 9
(1, 21)∗ (1, 21) (0, 36) (1, 21) 12
(1, 21)∗ (1, 21)∗ (0, 36) (0, 36) 27
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3 is an eigenvalue of multiplicity 5 in both G and G∗ (and X is an independent set in
both G and G∗).
Remark. It follows from the results in [8, Chapter 10] that K1,57 is the only star
which arises as a star complement G−X when |µ|  3, |X|  3 and X contains a
vertex amenable to switching.
In Example 1, the possibilities for a switching set were severely restricted. If
however µ is a non-main eigenvalue of G, then the situation is simplified, as we now
explain. Let X be a star set for µ in G, and let u be a vertex in X, so that 〈bu, bu〉 = µ.
By Corollary 1.2, u is amenable to switching if and only if also 〈j − bu, j − bu〉 = µ,
equivalently,
〈j, j〉 = 2〈j, bu〉. (2)
If µ is a non-main eigenvalue of G, then 〈j, bu〉 = −1, and so u is amenable to
switching if and only if 〈j, j〉 = −2. In this situation, every vertex in X is amenable
to switching, and we say that X is amenable to switching. We can now prove the
following result.
Theorem 2.1. Let µ be a non-main eigenvalue of G, let X be a star set for µ in G,
and suppose that X is amenable to switching. If G′ is obtained from G by switching
with respect to a subset of X, then µ is a non-main eigenvalue of G′ and X is a star
set for µ in G′.
Proof. Suppose that G′ is obtained from G by switching with respect to the subset Y
of X. We know already that 〈j − bu, j − bu〉 = µ for all u ∈ Y . It is straightforward
to check that if u, v ∈ Y, then 〈j − bu, j − bv〉 = 〈bu, bv〉, while if u ∈ Y and v ∈
X\Y, then 〈j − bu, bv〉 = −1 − 〈bu, bv〉. It now follows from Corollary 1.2 that X is
a star set for µ in G′. Finally, µ is a non-main eigenvalue of G′ because 〈j, j − bu〉 =
−1 for all u ∈ Y and 〈j, bv〉 = −1 for all v ∈ X\Y .
Example 2. Let G be the skeleton of a cube and take µ = −1. Then µ has multi-
plicity 3, and we may take H (= G−X) to consist of a 4-cycle with a pendant edge
attached. Note that µ is a non-main eigenvalue because G is regular, and so we may
apply Proposition 2.1. By switching with respect to the subsets of X we obtain five
further graphs with −1 as an eigenvalue of multiplicity 3.
It is clear from Eq. (2) that the case µ = −2 is special because then the equation
holds if and only if µ is an eigenvalue of the cone over H. In fact, we can say more,
as the next result shows.
Proposition 2.2. Let −2 be a non-main eigenvalue of G, let X be a star set for −2
in G, and let H = G−X. Then X is amenable to switching if and only if −2 is an
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eigenvalue of the cone over H. In this situation, H is a star complement for −2 in the
cone over any graph G′ obtained from G by switching with respect to a subset of X.
Proof. It remains to prove the second assertion, and so we suppose that X is amena-
ble to switching. In this situation, we have 〈j, bu〉 = 〈j, j − bu〉 = −1 for all u ∈ X
and so, if G′ obtained from G by switching with respect to a subset of X, then −2 is
an eigenvalue of both the cone over G and the cone over G′. 
Note that in the situation of Proposition 2.2, X cannot contain vertices with com-
plementary H-neighbourhoods because 〈bu, j − bu〉 = 1.
Recall that an exceptional graph is a connected graph, other than a generalized
line graph, in which every eigenvalue is greater than or equal to −2. It is well known
that such graphs are representable in the root system E8 [1, Chapter 3]; and by con-
sidering representations in E8, one can show that the exceptional graphs include the
cones over graphs switching-equivalent to L(K8) [2]. The following example shows
explicitly how such graphs can be constructed from a star complement.
Example 3. Let L8 denote the graph obtained from K7 by adding a vertex of degree
2, and consider L8 as a star complement H for −2, with corresponding star set X.
Note thatL8 = L(R8), whereR8 is obtained fromK1,7 by adding an edge. The graph
L8 has one vertex of degree 2, five vertices of degree 6 and two vertices of degree
7. We say that a vertex u of X is of type (a, b, c) if H (u) consists of a vertices of
degree 2, b of degree 6 and c of degree 7. By direct calculation, or from [4, Table
2], we know that condition (i) of Corollary 1.2 is satisfied if and only if u is of type
(0, 2, 0), (1, 1, 1), (0, 4, 2), (1, 0, 0), (0, b, 1) or (1, b, 2). In particular, a vertex of
type (1, 5, 2) can be added to H, equivalently 〈j, j〉 = −2. Thus X is amenable to
switching (and −2 is a non-main eigenvalue) if and only if 〈j, bu〉 = −1 for all
u ∈ X. Now from [4, Section 2] we know that if u is of type (a, b, c), then
4〈j, bu〉 = −4(a + b + c)− 4(a + 2c)− 2(5a + b)+ 2(2b + 5c)+ 6(2a + c).
Thus 〈j, bu〉 = −1 if and only if u is of type (0, 2, 0), (1, 1, 1), (0, 4, 1) or (1, 3, 2). If
we take X to consist of the 20 vertices of type (0, 2, 0) and (1, 1, 1), then we obtain
L(K8). Any vertex of type (0, 2, 0) can be switched to a vertex of type (1, 3, 2), and
any vertex of type (1, 1, 1) can be switched to a vertex of type (0, 4, 1). Finally, by
Proposition 2.2 we may add the vertex of type (1, 5, 2) to obtain a cone over a graph
switching-equivalent to L(K8). All of the cones constructed in this way have −2 as
an eigenvalue of multiplicity 21. Many are maximal exceptional graphs (see [2]); in
such cases, X cannot be extended by the addition of further vertices. 
Example 3 illustrates a means of constructing exceptional graphs as extensions of
a non-exceptional star complement for −2. Each is a cone G over a graph G′, where
G′ is obtained from L(K8) by switching with respect to a subset of the 20-element
set X. From [5, Theorem 3.2] we know that each such graph G has a star complement
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H ′ for −2 which is exceptional. If G′ is not L(K8) itself then we may take H ′ to be
the graph H8 obtained from K7 by adding a vertex of degree 5. To see this, note that
G′ contains a vertex v of type (0, 4, 1) or (1, 3, 2), and then H + v has an induced
subgraph isomorphic to H8. We can obtain a further graph (G28, say) with H8 as a
star complement for −2 by switching L(K8) with respect to the 7-clique in H. (Then
L8 is switched to H8.) We may repeat the procedure of Example 3 with G28 and
H8 in place of L(K8) and L8, respectively, but this merely replicates the graphs G′
above. In fact, every maximal exceptional graph which is not a cone has H8 as a star
complement for −2 (see [6]).
3. A characterization of the McLaughlin graph
We start with a construction of the McLaughlin graph [10] from the Steiner
system S(4, 7, 23) (cf. [1, Chapter 4]). First we define a graph  with vertex-set
V ∪B, where V is the set of 23 points and B is the set of 253 blocks in S(4, 7, 23).
The edges of  are defined as follows: vertices in V are pairwise adjacent; a point
v ∈ V is adjacent to a block B ∈ B if and only if v ∈ B; and blocks B1, B2 are
adjacent if and only if they intersect in three points. We isolate a fixed vertex v
of V by switching  with respect to the neighbourhood of v. The graph which
remains after deletion of the isolated vertex v is regular of degree 162. We denote
it by McL162 since its complement is the McLaughlin graph, denoted by McL112.
The McLaughlin graph is strongly regular with parameters (275, 112, 30, 56) and
spectrum 112(1), 2(252), −28(22); moreover it has K1,16 ∪˙ 6K1 as a star complement
for 2 (induced by a block containing v and the 22 points in V \{v}). Using a variant
of the technique described in Section 2, we can characterize McL112 in terms of this
star complement as follows. (This theorem appears in the second author’s doctoral
thesis [8].)
Theorem 3.1. The McLaughlin graph McL112 is the largest connected graph with
K1,16 ∪˙ 6K1 as a star complement for 2.
Proof. Let X be a star set for 2 in the connected graph G, let H = G−X, and sup-
pose that H is isomorphic to K1,16 ∪˙ 6K1. Let V (H) = R ∪˙ S ∪˙ T , where |R| = 1,
|S| = 16, |T | = 6 and the vertex in R is adjacent to each vertex in S. We say that a
vertex u in X is of type (a, b, c) if H (u) consists of a vertices in R, b in S, and c
in T.
As before, the first step is to apply Corollary 1.2: the general case of Kr,s as a
star complement was analyzed in [9, Section 2] and only minor modifications are
required here. The possibilities for (a, b, c) are given by Corollary 1.2(i), which
yields the equation
−48 = −12(a + b + c)+ 4ab + 16a2 + b2.
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Table 3
(au, bu, cu) (av, bv, cv) ρuv(u ∼ v) ρuv(u ∼ v)
(0, 0, 4) (0, 0, 4) −2 0
(0, 0, 4) (0, 6, 1) −2 0
(0, 0, 4) (0, 12, 4) −2 0
(0, 0, 4) (1, 4, 3) −2 0
(0, 0, 4) (1, 10, 6) −2 0
(0, 6, 1) (0, 6, 1) 1 3
(0, 6, 1) (1, 4, 3) 1 3
(1, 4, 3) (1, 4, 3) 1 3
(0, 6, 1) (0, 12, 4) 4 6
(0, 6, 1) (1, 10, 6) 4 6
(1, 4, 3) (0, 12, 4) 4 6
(1, 4, 3) (1, 10, 6) 4 6
(0, 12, 4) (0, 12, 4) 10 12
(0, 12, 4) (1, 10, 6) 10 12
(1, 10, 6) (1, 10, 6) 10 12
It follows that a vertex in X is of type (0, 0, 4), (0, 6, 1), (1, 4, 3). (0, 12, 4) or
(1, 10, 6).
For part (ii) of Corollary 1.2, let u, v be distinct vertices in X of types (au, bu, cu),
(av, bv, cv), respectively. Then we have
24auv = −12ρuv + 2(aubv,+avbu)+ 16auav + bubv,
where again ρuv = |H (u) ∩ H (v)|. If we use this equation to calculate the pos-
sible values of ρuv for each of the 15 different pairs of types, we obtain the results
listed in Table 3.
Clearly, not all solutions are feasible: ρuv is necessarily non-negative, and by
considering H (u) ∩ H (v), we see that the presence in X of a vertex u of type
(0, 0, 4) precludes all other vertices except for certain vertices of type (0, 6, 1) not
adjacent to u. This last possibility is excluded by our assumption that G is connected,
and so the vertices in X are of type (0, 6, 1), (1, 4, 3), (0, 12, 4) or (1, 10, 6).
We can partition V (G) into three sets U, V, W, where W = S ∪ T , each vertex in
U is adjacent to seven vertices in W, and each vertex in V is adjacent to 16 vertices in
W. Thus U consists of the vertices in X of type (0, 6, 1) or (1, 4, 3), while V consists
of the vertices in X of type (0, 12, 4) or (1, 10, 6) together with the single vertex
in R. We now transform G by a procedure which is essentially the reverse of that
used to construct McL112: we take the complement of G, then add an isolated vertex
x, and then switch with respect to V ∪W . Let Y = W ∪ {x}. We find that, after the
transformation, each vertex in X has precisely seven neighbours in Y; moreover, if
u, v are distinct vertices in X then |Y (u) ∩ Y (v)| = 3 or 1 according as u, v are
or are not adjacent. In particular, each 4-subset of Y is contained in at most one
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such Y-neighbourhood, and so the number of these neighbourhoods is at most 253.
It follows that |X|  253 and if |X| = 253 then the Y-neighbourhoods constitute a
Steiner system S(4, 7, 23). In the latter case, if we retrace our steps, we find that in
G the H-neighbourhoods of the vertices in X are precisely those required to construct
McL112. 
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